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Abstract

We presenttwo results which arise from a
model-basedapproachto hierarchicalagglom-
eratve clustering. First, we shov formally that
the common heuristic agglomeratie cluster
ing algorithms — Ward's method, single-link,
complete-link,anda variantof group-arerage—
areeachequivalentto ahierarchicamodel-based
method. This interpretationgives a theoretical
explanationof the empirical behaior of these
algorithms,aswell asa principled approachto
resolving practical issues, such as humber of
clustersor the choice of method. Second,we
shav how a model-basediewpoint cansuggest
variations on these basic agglomeratie algo-
rithms. We introduce adjustedcomplete-link,
Mahalanobis-linkandline-link asvariants,and
demonstrat¢heir utility.

1. Intr oduction

Model-basedtlusteringalgorithmsare theoreticallywell-
foundedand empirically successfumethodsfor cluster
ing data. In model-basedlustering,the datais assumed
to have beengeneratedy a mixture of componenproba-
bility distributions,whereeachcomponentorresponds$o
a differentcluster Model-basedagglomeratre clustering
has proven effective in mary areas,including document
clustering(Dom & Vaithyanathan]999),opticalcharacter
recognition(Murtagh& Raftery 1984),andmedicalimage
segmentationBan eld & Raftery 1993).

Despite the theoreticalappealand empirical successof

model-basednethods,in practicethey are usedfar less
than the popular but more heuristic, classicalagglomer

ative methods:single-link, complete-link,group-arerage,
andWard's method(Jainetal., 1999).In thesealgorithms,
eachdatapoint is initially assignedo its own singleton
cluster andpairsof clustersarethensuccessiely memged
accordingo someobjective functionuntil all pointsbelong

to the samecluster Thevariousagglomeratre algorithms
differ in the objective function they useto determinethe
sequencef memges.

Theheuristicmethodsarepopularfor severalreasonsThe
sequencef memgesin thesealgorithmsproducesa cluster
dendrogramasin gure 1, whichis oftenmoreusefulthan
the at clusterstructurecreatedy partitionalclusteringal-

gorithms. Moreover, their conceptuakimplicity andease
of implementatiormale themcorvenientfor usein mary

situations.Finally, they area naturalchoicein casesvhere
only proximity datais available. For this reason/inkage-
basedagglomeratre methodshave beenwidely usedin the
eld of genomicswheregenesequencelatadoesnothave

anaturalfeaturerepresentatiorhut lendsitself well to cal-

culatingpairwiseproximities.

In the presentvork, we prove thatthe classicabgglomera-
tive methodsarea subsebf model-basedanethodsIn sec-
tion 2, weintroducemodel-basedgglomeratie clustering.
In section3, we discusghe heuristicagglomeratie meth-
ods,shaving thateachclassicabgglomeratie methodcan
be seenasa hierarchicaimodel-basednethodfor a certain
nite mixture model. Finally, in section4, we shav how
the model-based/iewpoint can suggestvariationson the
classicalagglomeratie clusteringmethods.We introduce
threesuchvariantsanddemonstratéheir utility .

2. Model-BasedClustering

Model-basedhard clusteringis an approachto comput-
ing an approximatemaximumfor the classi cation likeli-
hood(Celeux& Govaert,1993)of thedataX:
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wherel; arelabelsindicatingtheclassi cationof eachdata
point(l; D j if xj belongsto component),and 1;:::; «



aremodelparameters.

In theagglomeratie model-basetiardclusteringmethods,
one begins with a partition P of the datain which each
sampleis in its own singletoncluster At eachstage two

clustersarechoserfrom P andmemged,forminganew par

tition PO The pairwhichis memgedis the onewhich gives
thehighestresultinglik elihood (usuallyall mergeswill re-

ducethelikelihoodsomeavhat). The processs greedy;the
bestchoiceat a certainstageneednot developinto the best
likelihoodatlater stages.

A subtletyof model-base@dgglomeratie clusteringis that,
by meming clusterswe arechoosingnew labelsl; ateach
stage.However, we do not explicitly choosemodelparam-
eters . Rather we implicitly consider to be the best
possible for thechosenabels.

Moreformally, we have alabellik elihoodfunction J which
assumemaximumlik elihoodparameterfor eachiabeling.
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Therelative costof amemgefrom P to POwill be

1J.P;PYD J.PYI=J.P/

The bestmemge P to PO will be the one that maximizes
J. PY, but procedurallywe usuallymaximizel J, which
is equialent.

3. Model-basedinter pretation of Classical
Agglomerative Algorithms

The classicalagglomeratie algorithmseachde ne a dis-
tancefunction d.Cj; Cj/ betweenclusters(see gure 2),
andat eachstagemeigethetwo closestclustersaccording
to this distancefunction. In sections3.1 through3.4, we
considereachof the four methodsdiscussedabove. For
eachmethod,we de ne anassociategrobabilisticmodel,
andprove thatthe cost J for that model, the relative cost
1 J, or arelatedbound,is monotonicallynon-increasing
with d.C;; Cj/. Thatis, eachclassicalmethoddiscussed
is equivalentto a speci ¢ model-baseanethod,with min-
imum distancememescorrespondingo maximumlik eli-
hoodmemges? We write f g to indicatea quantity f is
monotonicallynon-decreasingn a quantityg.

INote that this is different from model-basedsoft cluster
ing (McLachlan& Peel,2000), whereeachdatapoint x; is as-
signedto every clusterwith probability p.x;j j/ accordingto the
mixturelikelihood(with mixtureweights ):
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2|n somecasesthe probabilisticmodelis only well-de ned
whenthedataareelementf a Euclideanspace.
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Figure 1: Dendrogramsfor (a) complete-link (farthestmem-
bers) and (b) single-link (nearestmembers)on the sameone-
dimensionaldata. Completelink forms balancedclusterswhile
single-linkgrows paths.

3.1.Ward's Method

We begin by discussingWard's method (Ward, 1963).
Ward's method usesthe error sum-of-square<riterion
functionto de ne the distancebetweentwo clusters:

dward.C1; Cof D ESSCy1 [ Cof ESSCyi/ ESSCy/

wheretheerrorsum-of-squarefESS)is givenby:
X
ESSCi/D  .x mi/?
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andm; is the samplemeanof thedatapointsin clusterC;.

Ward's methodis equivalentto a model-basedgglomer
ative clusteringmethodwherethe generatingmodelis a
mixtureof sphericabaussiangith uniformcovariance 1.
This model-basedhterpretatiorof Ward's methodis well-
known (Fraley & Raftery 2000),but we presenthe proof
hereasanintroductionto the proofsthatfollow in the next
few sections.

Theorem 1 If theprobability modelin equationl is multi-
variatenormalwith uniformsphericalcovariance |, then
1 \] dWard.

Proof: The modelparameter® for this modelarethe

k. Thecomponentensityp. xjj ;/ is:
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where |, is the meanof the component; to which x; be-
longs.Givena x edassignmenlty; ::: ; Iy, the 1;:::; «
which maximize arethe samplemeangor eachcluster:
mgq; ::: ; mg. Therefore,
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andsoif meming P to PCinvolvesmemingclustersC; and
C, into C3, with respectie samplemeansnz, myz, andmg,
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Method d.Cq; Cof Probabilistic Mixtur e Model
Single-link MIN x;:x0/2C; Coli X1 Xalj BranchingRandomwalks
Complete-link MaXx;:x,/2C; ColiX1  X2jj Uniform Equal-Radiuddyperspheres
Group-aerage meany,:x,/2C; Cyli X1 X2jj 2 Equal-\arianceCon gurations
Ward's method ESSCi[ Co/ ESSCi/ ESSCy/ Equal-\ariancdsotropicGaussians

Figure2: Agglomeratve methodsandthe probabilisticmodelsthey greedilyoptimize.

whichis a negative multiple of

ESSCs/ ESSCi/ ESSCy/

Since the latter is exactly the quantity which Ward's
methodusesto selectamermge,we aredone.

3.2.Single-Link Clustering

In single-link clustering,the distancebetweenclustersis
de nedto bethedistancebetweertheir closestpoints:
dSL.Cl; C2/ D min d.Xl; X2/

.Xl;X2/2C1 Cy
Theprobabilisticmodelcorrespondingo this clusteringal-
gorithmis a mixture of branching randomwalks (BRWSs).
A BRW is a stochastigprocesswhich generates tree of
datapointsx; asfollows: The processstartswith a single
root xo placedaccordingto somedistribution pg.x/. Each
nodein thefrontier of thetreeproduceseroor morechil-
drenx;.3 Thepositionof a child is generategccordingto
a multivariateisotropicnormalwith variance | centered
atthelocationof the parent.

Theorem 2 If theprobabilitymodelin equationl is a mix-
ture of branchingrandomwalks,thenl J  dg,.

Proof: Theparameter® for a mixture of BRWs arethe
treestructuresor skeletonsfor eachcomponentvalk.* For
anon-rootsample in awalk with skeletonT, we generate
X, conditionedon the location of the parentmy.i/ of i,
accordingo:

p.xijT;, I D Ps.XijXmy.is/
1 25 2
D p_e - X XmTAi// =2
2
Givenly;:::;lh, wewishto nd 2 to maximize . Since

our labelsare x ed, all we canvary is the tree skeletons
over eachcluster Notice thatlog is a constantplus a

3The branchingfactorhasan associatediistribution, but it is
notrelevantfor ouranalysis.

4For simplicity, we assumethat the location of the root of a
walk is generatediniformly at randomover the actuallocations
of datapoints.

negative multiple of the sumof squaredlistancedetween
eachchild in thedatasetindits parent.Therefore choosing
the treeswhich minimize this sumwill maximize . But
thosetreesare just minimal spanningtrees(MSTSs) over
thegraphsin which eachpair of pointsx andy in acluster
is connectedy anarcof Weigr;z.x y/?. Therefore,

MST.C;/
Ci2P

whereMST.C;/ is the costof the MST over the squared
distances.

logJ.P/ D

Subtreesf MSTsareMSTsaswell, soin if P memgesto P°

by joining clustersC; andC; into C3, wecan nd anMST

of C3 byjoiningtheMSTsof C; andC; with asingleadded
arc. This arcwill necessarilype an arc betweena closest
pair of pointsin C;  C,. Thechangen log J, which is

log1 J, will thenbe the negative squaredengthbetween
thatpair. But a pair with minimumsquaredengthalsohas
minimum non-squaredength, which is the criterion used
by single-linkclusteringto selectameme.

3.3.Complete-Link Clustering

In complete-linkclustering,the distancebetweenclusters
is de ned to bethe distancebetweertheir farthestpoints:

dcL.Cq;Co/ D max

d.Xxq; Xof
.X1;X2/2C1 Cy

It is commonly obsened that complete-link clustering
tendsto form sphericalclusters. We shav herethat this
behavior is dueto its associategrobabilisticmodel,where
pointsare uniformly generatedn hyperspheresf equal-
radiusr . Fraley andRaftery(2000)suggesthatcomplete-
link is similar to, but not exactly, equivalentto a uniform
hyperspheranodel. We shaw that, while this is strictly
true, complete-linkclustering(greedily) maximizesa tight
lower boundon thatlik elihood.

Theorem3 If the probability model is a mixture of
uniform-densityequal-radius hypesphees, then 1 J is
boundedbyafunctionf sudhthatl J> f dc..

Proof: Let B.z r/ bethehyperspheref radiusr centered
atz. Theprobability p.x;j |;/ hereis givenby:

1=volume.B.z;;r// forx 2 B.z;r/

p-Xijz;;r/ D 0 otherwise



z1; ... zkl r to maximize . For eachclusterCy, thereis
someminimal enclosinghypersphereé. z; ; r; /. Themax-

imumof  will occurwhen2 hasz D z andr D maxr .
Therefore,
I ..... | / Yn n 1
J.l,...,nlx D r_dD m
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for a positve which dependnly the dimensionalityd
of thedata.

Therefore,the bestmemge at eachstagewill be the one
which minimizesthenew r. De ne thewidth of a setto be
the greatestlistancebetweerany two pointsin thatset. At
eachstage complete-linkclusteringchooseshe memgethat
minimizesthe maximumclusterwidth w. In onedimen-
sion, theradiusr of the minimal enclosingl-hypersphere
(interval) of that setis equalto half its width. Therefore,
for datathatlies in onedimension,complete-linkcluster
ing exactly minimizesr ateachstageby minimizingw. In
higherdimensionsthe relationr D w=2 no longerholds
strictly. However,w=2 r V\b:g for somedimension-
dependentonstant , 1 2. Therefore,by min-
imizing w, complete-linkclusteringalsominimizesa (rel-
atively tight) upperboundon r at eachstagein the algo-
rithm >

3.4.Group-AverageClustering

In typical group-arerageclustering,the distancebetween
clustersis de ned to be the the averagedistancebetween
thepointsin thedifferentclusters:

d.C1;Cyo/ D meany;:x,/2¢c, Czd-Xl; Xof

We analyzethe slightly differentformulationin which the
averagesquaked distanceis used. The generatie process
for group-averageis slightly different than for the other
methods.Here,we placeall memberof a clusterat once.
Theirjoint locationsarechoseruniformly from all con gu-

rations,subjectto a maximumcon guration variance For-

mally, 2 is a(maximum)varianceparameter. Eachclus-

ter C is generatedy choosinglocationsx 2 C suchthat
var.C/ v. Clearly, then, the classi cation likelihood
dependsonly on the maximum varianceof the highest-
variancecluster with a lower maximumvariancegiving a

higherclassi cationlik elihood.

Note that clusteringswith small clustervarianceare not
the sameasoneswith smallerrorsum-of-square&swith
Ward's method). For example,to minimize ESS, a very

SIn higherdimensionsw=2 r sin. =2// where isthean-
gle betweertwo verticesof aregularhypergyramidandits center
Thisangleis in onedimensionandalwayslessthan =2, hence
therangeonthebound.

distantoutlier will be assignedo the clusterwith the clos-
estmean.However, to minimize clustervariancejt will be
assignedo the densestluster whereit will have theleast
impacton the maximumvariance.

Theorem4 If the probability modelgenerting the datais
thestodasticprocesslescribedabove thengroup-aveage
maximizes lower boundon J.

Proof: For clustersC and D, let Scp be the sum
g,f squareddistancesbetweenpairsin C  D: Sp D
c2C:d2D-C d/2. Therelationbetweerclustervariance
andaveragedistancess givenby thefollowing identity:
1 X 1 X X 1
? .C / 2 m .C]_ CZ/ZDWS:C
1~ c2C 1+ c12C cp2C 1+
Essentially the average internal-pair squareddistance
equalsthe averagevariancein a Euclideanspace.Further
more,the distancebetweerthe centroidsof two clustersC
andD is givenby:
1 1 1
centroict jij Dj S eb) 2] Cjz &c 2] Djz
We do not prove theseidentitieshere;they follow by in-

ductionfrom the law of cosines. The consequencef the
latter is that, since the centroidshave non—n%ative dis-

Sop

tancefrom eachother, it mustbethat Scc ?TjjS(ZD and

Sop %&D,Whichwewill needater.

As amgued above, the classi cation likelihood for this
variance-limitedprobabilisticmodelis monotonicallyde-
creasingn themaximumclustervariance By thevariance-
distancedentity, thelik elihoodis thusalsomonotonically
decreasingn theaverageof within-clusterdistancegor the
highest-arianceclusterE.

1

JEj?
Now, if we chosethememge E D C[ D basedonthe av-
eragesquaredlistance®f all pairsinsidetheresultcluster
E, which is sometimegione,we would be greedily min-
imizing exactly the maximumclustervariance. However,
in group-areragewe moretypically averageonly the pairs
betweerthe memging clustersC and D. Nonethelesswe
know that

See
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But the last quantityis twice the quantitythat this group-
averagevariantactuallydoesminimize. Thereforejt also
minimizesaboundon J.

It is worth stressinghatthis boundis looserthanthe other
boundspresentedandto ourknowledgeit is anopenprob-
lem to supplya modelfor the non-squaredormulation of
group-arerage.

3.5.Practical Consequences

Thereareseveralpracticalconsequences theresultspre-
sentedin sections3.1 through3.4. First, it justi es the
useof theclassicabgglomeratremethodsaswell-founded
probabilisticmethodgatherthanjustconvenientheuristics.

Secondit explainsthequalitatve empiricalbehaior of the
differentclassicalmethodson the basisof their associated
probabilisticmodels.

Furthermore,in model-basedagglomeratte clustering,
thereare approacheso determiningthe numberof clus-
tersandthe choiceof clusteringmethodbasedon model
selection.Theseapproachesannow beusedwith linkage-
basedagglomeratie methods. The secondtwo conse-
guencearediscussedn furtherdetailin this section.

Finally, this formulation suggestghe designof novel ag-
glomeratveclusteringalgorithmshasedntheclassicahg-
glomerative methods.This lastconsequences exploredin
sectior4.

3.5.1. PREDICTING ALGORITHM BEHAVIOR

As linkage-basedmethodsare so commonly used, the
gualitatve empiricalbehaior of thesealgorithmsis well-
known. Single-link clusteringtendsto producelong strag-
gly clusterscomplete-linkclusteringtendsto produceight
sphericaklustergsee gure 1), andgroup-areragecluster
ing tendsto produceclustersof intermediataightnesse-
tweensingle-linkandcomplete-link.

Suchbehavior is unsurprisinggiventhesemethods'associ-
atedprobabilisticmodels. Datageneratedy a mixture of
branchingandomwalksis likely to have stragglypatterns.
Datageneratediniformly over hyperspheress likely to be
spherical. And a distribution which generateson gura-
tionsof equalvariancewill besomavherein betweenwith
wide tails on clustersbeingbalancedy densecenters.

We presenttwo exampleshere. Figure 3 shovs data
which was generateduniformly on two equal-radiushy-
perspheredyut is samplednuchmorelightly from oneof
the hyperspheresHere, Ward's methoddoesnot identify
the correctclusters,becauseat assumeshat the datawas
generatedy two gaussians- it usesits explanatorypower
to explain the halves of the denseregion. Complete-link
clustering,on the otherhand,is tolerantof suchsampling

oy
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Figure3: Datasampledrom two circles,uniformly over eachcir-
cle, but with very differentdensities(a) Complete-linkidenti es
thecorrectclusters.(b) Ward's methodconsiderghe pointsin the
lightly sampledregion outliersandtries to explain the densere-
gion. In generaluniform distancemodels(complete-link,group
average)will usetheir clustersto explain spatialextents, while
gaussiaralgorithms(Ward's, k-means)will usetheir clustersto
explaindenseegions.Accurag valuesin all gures aregivenby
theRandIindex (Rand,1971).

becausehelik elihoodof the datais dependenbnly on the
radiusof the minimal spanninghypersphereFor the same
reasonWard's methodis moretolerantof trueoutliers.

In gure 5, thedatawasgeneratedby two direction-biased
randomwalks. Single-linkclustering nds thecorrectclus-

ters, while the clustersfound by complete-linkclustering
andWard's methodre ect theimplicit sphericaprobabilis-

tic modelsfor thesemethods.

3.5.2. WHICH METHOD? HOW MANY CLUSTERS?

Often, one will have a generalidea as to a probabilis-
tic modelthatwould plausibly have generatedne’s data.
For example, in face recognition, facesare often mod-

eledasdeviationsfrom a genericface, wherefacepatterns
have a multivariategaussiardistribution (McKennaet al.,

1998). The probabilisticinterpretationof theseagglomer

ative methodssuggestshat one's choiceof agglomeratre

clusteringalgorithmshouldbe motivatedby theprobabilis-
tic modelthatis believedto have generatedhe data.

More rigorously in model-base@dgglomeratie clustering,
determiningthe clusteringmethodandthe numberof clus-
tersis accomplishedn a principled mannerby using ap-
proximateBayes'factorsto comparemodels.Theformula-
tion of thelinkage-basedhethodsasmodel-basednethods
allows suchan approachto modelselectionto be usedin
the context of linkage-basednethods An in-depthdiscus-
sionof Bayesiammodelselectionn clusteringis outsideof
the scopeof this paper andwe refer the interestedreader
to (Fraley & Raftery 1998).

4. Extending ClassicalAgglomerative Methods

The probabilisticinterpretatiorof the classicalagglomera-
tive clusteringalgorithmssuggest®xtensionsto theseal-
gorithmsbasedon variantsof the associatednixture mod-
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Figure4: New agglomeratie methodsandthe probabilisticmodelsthey greedilyoptimize.
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Figure5: Directionalrandomwalksareeasilyfoundby single-link clustering but the othermethodsimplicit modelscause¢hemto nd

moresphericaklusters.

Actual Walks Maximum LikelihoodWalks
() (b)

Figure9: Evenfor syntheticdata,maximumlik elihoodwalks (b)
canbevery differentfrom thewalksthatgeneratedhe data(a).

els. More speci cally, we maywantto alterthemergecosts
to re ect thetypesof patternswe wishto nd in thedata.
We presenthreesuchextensiondhere discusgheirassoci-
atedprobabilisticmodels andcompareheirempiricalper
formanceto the agglomeratre methodsdiscussedn sec-
tion 3.

4.1.Line-Link

Single-linkclusteringhashistoricallyachiezedpoorclassi-
cation performanceTherearetwo primaryreasonsFirst,
in applicationswhere clusteringis useful, datais rarely
generatedby branchinggandomwalks. Secondgvenwhen
datais truly generatedby branchingrandomwalks, the
maximum-likelihoodrandomwalks are unlikely to be the
oneswhich actually generatedhe data(see gure 9). In
generalpranchingandomwalksthatarecloseor overlap-
ping aredif cult to separatén anunsupervisednanner

Although, single-link clusteringremainsaccuraten cases
wherethe datais generatedy a well-separatednixture of
Markov processesit would be be useful to have hierar
chical methodswhich are capableof correctlyidentifying
non-sphericalrends.

Here,we presentine-link agglomeratie clustering,where
the modelis that datapointsare generatedilongline, but
with gaussiarperpendiculadisplacement.One canthink
of this asdatageneratedhy someprocesgraveling alonga
line, andemitting pointsalongtheway. Thisis a plausible
modelfor earthquak epicenter®n the sameseismicfault,
or GPSdatafrom carstraveling onthe sameroad.

Sincewe know themodel,we couldeasilyusea hardparti-
tional clusteringaccordingto the modelusinga classi ca-
tion EM procedureasin MurtaghandRaftery(1984). We
woulditeratively assignpointsto the closestine andmove
eachlineto bestt thepointsassignedo it.

However, if we want a hierarchicalclustering,for exam-
ple if we wantto be ableto sub-dvide major fault fami-
lies into smallerminor faults, or split roadsinto lanes,it
wouldbeusefulto have anagglomeratrealgorithmfor this
model. Our likelihood accordingto this model,for x ed
line parameterswill be monotonicin the sumof squared
distancedrom eachpoint to its assignedine. Thus, for
eachcluster we will trackthe total perpendiculasquared
error(TPSE)from thatclustersbest- t line.5 For eachpair
of clusterswe track the costof merging them,which will
be the differencebetweenthe besttotal squarederror for
thejoint clusterandthe sumof the besttotal squarederrors
of thetwo componentlusters Notethatthereis no neces-
saryrelationbetweerthe threeclusters'best- t lines' pa-
rameterslt shouldbe clearthat, by design,this algorithm
greedilymaximizeghe desiredik elihood. This algorithm,
like all agglomeratie methodscanbe madeto runin time
0.n2. f.n/ C logn// wheren is the numberof pointsto

6\We calculatethis usinga conjugate-gradiemethod but ary
numericaloptimizationwill do.
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Figure6: Crossinglines areonly recoreredby LINE-LINK (a). SINGLE-LINK makesa hugeclusterwith outliers(b), while the other

methodsslicethedatainto spatiallybalancedegions.
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Figure7: Crabsdata:onthisdif cult set,only LINE-LINK (a)is ableto detecthecorrectoveralltrend,in whichtheprinciplecomponent

of thedatais not explanatory
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Figure8: Whenthe datais generatedy non-isotropicgaussiansMahalanobis-linkcandetectthe clustersmorereliably, essentiallyby
linearly transformingthe datainto a spacewvherethe clustersbecomespherical.

clusterand f.n/ is the costof calculatingthe merge be-
tweentwo clusters.

In gure 6, we show thatline-link worksfar betterthanthe
otheragglomeratieclusteringalgorithmsin thecasewvhere
thedataareactuallygeneratedby walksalonglines.In g-
ure 7, we shav the performanceof line-link clusteringon
crabsdatafrom (Campbell& Mahon,1974). In the crabs
dataset,theinstancesepresentifferentcrabs thefeatures
represenstructuraldimensionsandtheclassesorrespond
to differentspeciesof crabs. In this dataset, crabs' ab-
soluteproportionsvary roughly linearly with their general
size,andsothe datafor a given speciecanbe viewed as
beinggeneratedy a linearrandomwalk alonga size/age
axiswhich emitscrabsof slightly differentrelative propor
tionsalongtheway.

It shouldbe stressedhat the crabssetis quite dif cult for
mostclusteringalgorithms. The principal directionof the
datais, roughly, crabsize,andis very decorrelatedrom the
desireddistinction,which is crabspecies.Sphericalalgo-
rithms generallyidentify big crabsvs. little crabs,while

single-link identi es a single outlier vs. all other crabs.
Ripley (1996) and othersgenerallydiscardthe rst com-
ponent,andthenareableto clusterthe datareadily. How-
ever, an appropriatenodel meansthat we do not have to
preprocesshedatato makeit t ouralgorithm.

4.2.Adjusted Complete-Link

In complete-linkclustering,the assumptiorthat the data
is generatedy hyperspheresf equalradiusmay beinap-
propriatefor the data. If we expectthat the datawill be
spherical but on sphereof varying radii, we canmale a
smallchangeto the complete-linkdistancewhich givesus
exactly this model. In adjustedcomplete-linkclustering

the distancebetweentwo clustersis de ned not by there-
sult width, but by the increasein width over the larger of

thetwo memgedclusters'widths. Formally,

daci-Cu: Cof D width.Ca[ Co/  maxfwidth.Ci/g
| A

This changeis easily implemented,and is equialentto
choosingthe memge thatmaximizesthe likelihoodthatthe
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Figure 10: Complete-link(a) is unsuitedto clustersof widely
varying size; adjustedcomplete-link(b) is more appropriatefor
this situation.
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datawasgeneratediniformly on hyperspheresf arbitrary
radius. The proofis similar to the proof of theorem2, and
we do notincludeit here.In gure 10, we shav how ad-
justedcomplete-linkcompareso complete-linkin boththe
casaewherethedatais generatediniformly onhyperspheres
of equalradiusandthecasewherethedatais generatedini-
formly on hyperspheresf (possibly)unequaladii.

4.3.Mahalanobis Link

In section3.1, we mentionedthat the modelassumedy

Ward's methodis a mixture of multivariategaussiansvith

the uniform sphericalcovariance 1. If we assumethat
the datais generatedoy a mixture of multivariate gaus-
sianswith acommon known covariancematrix 6 , we can
modify Ward's methodto minimize theincreasen sumof

squaredMahalanobiglistancesteachmerge. Formally,

dML.Cl; C2/ D ESSM Cl[ C2/ ESSM Ci/
i2f1;29
where

X
ESSMC;i/ D X m/T6.x

x2C;i

mi/

We showv in gure 8 how this method, which we call
Mahalanobis-linkclustering,comparegso Ward's method
in the casewherethe datais generatedby a mixture of
gaussiansvith known covariance6 6D |. Mahalanobis-
link candetecttheclusteramorereliably, essentiallyby lin-
earlytransformingthe datainto a spacewherethe clusters
becomespherical. In the casethat 6 is diagonal,this is
equivalentto featureweighting.

5. Conclusion

We have presentegbrobabilisticinterpretationof the clas-
sical agglomeratie clustering algorithms — single-link,

complete-link,group-arerage andWard's method- based
on greedymaximum-likelihood estimationfor nite mix-

ture models. The framewvork of model-basedctlustering
enablewusto betterunderstandhe classicalmethodsand
suggests principled approachto developing variantsof

thesemethods. We have introducedthree novel agglom-
eratve methods— line-link, adjustedcomplete-link,and
Mahalanobis-link— and have arguedtheir utility. These
methodsareeasilyimplementedandthemodel-baseger

spectve presentedhllows easyevaluationof which meth-
odsaremostlikely to be effective on a givenproblem.
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