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Abstract
We present two results which arise from a
model-basedapproachto hierarchicalagglom-
erative clustering. First, we show formally that
the common heuristic agglomerative cluster-
ing algorithms – Ward's method, single-link,
complete-link,anda variantof group-average–
areeachequivalentto ahierarchicalmodel-based
method. This interpretationgives a theoretical
explanationof the empirical behavior of these
algorithms,as well as a principledapproachto
resolving practical issues,such as number of
clustersor the choiceof method. Second,we
show how a model-basedviewpoint cansuggest
variations on these basic agglomerative algo-
rithms. We introduceadjustedcomplete-link,
Mahalanobis-link,andline-link asvariants,and
demonstratetheir utility.

1. Intr oduction

Model-basedclusteringalgorithmsare theoreticallywell-
foundedand empirically successfulmethodsfor cluster-
ing data. In model-basedclustering,the datais assumed
to have beengeneratedby a mixtureof componentproba-
bility distributions,whereeachcomponentcorrespondsto
a differentcluster. Model-basedagglomerative clustering
hasproven effective in many areas,including document
clustering(Dom & Vaithyanathan,1999),opticalcharacter
recognition(Murtagh& Raftery, 1984),andmedicalimage
segmentation(Ban�eld & Raftery, 1993).

Despite the theoreticalappealand empirical successof
model-basedmethods,in practicethey are usedfar less
than the popular, but more heuristic,classicalagglomer-
ative methods:single-link, complete-link,group-average,
andWard'smethod(Jainet al., 1999).In thesealgorithms,
eachdatapoint is initially assignedto its own singleton
cluster, andpairsof clustersarethensuccessively merged
accordingto someobjectivefunctionuntil all pointsbelong

to thesamecluster. Thevariousagglomerative algorithms
differ in the objective function they useto determinethe
sequenceof merges.

Theheuristicmethodsarepopularfor severalreasons.The
sequenceof mergesin thesealgorithmsproducesa cluster
dendrogramasin �gure 1, which is oftenmoreusefulthan
the�at clusterstructurecreatedby partitionalclusteringal-
gorithms. Moreover, their conceptualsimplicity andease
of implementationmake themconvenientfor usein many
situations.Finally, they area naturalchoicein caseswhere
only proximity datais available. For this reason,linkage-
basedagglomerativemethodshavebeenwidely usedin the
�eld of genomics,wheregenesequencedatadoesnothave
anaturalfeaturerepresentation,but lendsitself well to cal-
culatingpairwiseproximities.

In thepresentwork, weprovethattheclassicalagglomera-
tive methodsarea subsetof model-basedmethods.In sec-
tion 2, weintroducemodel-basedagglomerativeclustering.
In section3, we discusstheheuristicagglomerativemeth-
ods,showing thateachclassicalagglomerativemethodcan
beseenasa hierarchicalmodel-basedmethodfor a certain
�nite mixture model. Finally, in section4, we show how
the model-basedviewpoint can suggestvariationson the
classicalagglomerative clusteringmethods.We introduce
threesuchvariantsanddemonstratetheir utility.

2. Model-BasedClustering

Model-basedhard clustering is an approachto comput-
ing an approximatemaximumfor the classi�cation likeli-
hood(Celeux& Govaert,1993)of thedataX:

�

.� 1; : : : ; � kI l1; : : : ; lnj X/ D
nY

iD1

p.xi j� l i / (1)

wherel i arelabelsindicatingtheclassi�cationof eachdata
point (l i D j if xi belongsto componentj ), and� 1; : : : ; � k



aremodelparameters.1

In theagglomerativemodel-basedhardclusteringmethods,
one begins with a partition P of the data in which each
sampleis in its own singletoncluster. At eachstage,two
clustersarechosenfrom P andmerged,forminganew par-
tition P0. Thepair which is mergedis theonewhich gives
thehighestresultinglikelihood(usuallyall mergeswill re-
ducethelikelihoodsomewhat). Theprocessis greedy;the
bestchoiceatacertainstageneednotdevelopinto thebest
likelihoodat laterstages.

A subtletyof model-basedagglomerativeclusteringis that,
by merging clusters,we arechoosingnew labelsl i at each
stage.However, we donotexplicitly choosemodelparam-
eters� . Rather, we implicitly consider� to be the best
possible� for thechosenlabels.

Moreformally, wehavealabellikelihoodfunctionJ which
assumesmaximumlikelihoodparametersfor eachlabeling.

J.l1; : : : ; lnI X/ D max
2

�

.2 I l1; : : : ; lnj X/

Therelativecostof amergefrom P to P0will be

1 J. P; P0/ D J. P0/=J. P/

The bestmerge P to P0 will be the one that maximizes
J. P0/ , but procedurallywe usuallymaximize1 J, which
is equivalent.

3. Model-basedInter pretation of Classical
AgglomerativeAlgorithms

The classicalagglomerative algorithmseachde�ne a dis-
tancefunction d.Ci ; C j / betweenclusters(see�gure 2),
andat eachstagemergethetwo closestclustersaccording
to this distancefunction. In sections3.1 through3.4, we
considereachof the four methodsdiscussedabove. For
eachmethod,we de�ne anassociatedprobabilisticmodel,
andprove that the cost J for that model,the relative cost
1 J, or a relatedbound,is monotonicallynon-increasing
with d.Ci ; C j / . That is, eachclassicalmethoddiscussed
is equivalentto a speci�c model-basedmethod,with min-
imum distancemergescorrespondingto maximumlikeli-
hoodmerges.2 We write f � g to indicatea quantity f is
monotonicallynon-decreasingin aquantityg.

1Note that this is different from model-basedsoft cluster-
ing (McLachlan& Peel,2000),whereeachdatapoint xi is as-
signedto everyclusterwith probability p.xi j� j / accordingto the
mixturelikelihood(with mixtureweights� ):

�

.� 1; : : : ; � kI � 1; : : : ; � kj X/ D
nY

iD1

kX

j D1

� j p.xi j� j /

2In somecases,the probabilisticmodel is only well-de�ned
whenthedataareelementsof a Euclideanspace.

(a) (b)

Figure 1: Dendrogramsfor (a) complete-link (farthestmem-
bers) and (b) single-link (nearestmembers)on the sameone-
dimensionaldata. Completelink forms balancedclusterswhile
single-linkgrows paths.

3.1.Ward' sMethod

We begin by discussingWard's method (Ward, 1963).
Ward's method uses the error sum-of-squarescriterion
functionto de�ne thedistancebetweentwo clusters:

dWard.C1; C2/ D ESS.C1 [ C2/ � ESS.C1/ � ESS.C2/

wheretheerrorsum-of-squares(ESS)is givenby:

ESS.Ci / D
X

x2Ci

. x � mi /2

andmi is thesamplemeanof thedatapointsin clusterCi .

Ward's methodis equivalent to a model-basedagglomer-
ative clusteringmethodwherethe generatingmodel is a
mixtureof sphericalgaussianswith uniformcovariance� I .
This model-basedinterpretationof Ward's methodis well-
known (Fraley & Raftery, 2000),but we presenttheproof
hereasanintroductionto theproofsthatfollow in thenext
few sections.

Theorem1 If theprobabilitymodelin equation1 is multi-
variatenormalwith uniformsphericalcovariance� I , then
1 J � dWard.

Proof: The modelparameters2 for this modelare the
means� 1; : : : ; � k. Thecomponentdensityp.xi j� l i / is:

p.xi j� ; � l i / D
1

�
p

2�
e� . x� � li /2=2� 2

where� l i is themeanof thecomponentl i to which xi be-
longs.Givena�x edassignmentl1; : : : ; ln, the� 1; : : : ; � k
which maximize

�

arethesamplemeansfor eachcluster:
m1; : : : ; mk. Therefore,

J.l1; : : : ; lnI X/ D
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andsoif merging P to P0involvesmergingclustersC1 and
C2 into C3, with respectivesamplemeansm1, m2, andm3,

logT1 J. P; P0/UD
X

i 2C j

2
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2� 2

3

5 �
.xi � m3/2
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Method d.C1; C2/ Probabilistic Mixtur eModel

Single-link min. x1;x2/2C1� C2 jj x1 � x2jj BranchingRandomWalks

Complete-link max. x1;x2/2C1� C2 jj x1 � x2jj Uniform Equal-RadiusHyperspheres

Group-average mean. x1;x2/2C1� C2jj x1 � x2jj 2 Equal-VarianceCon�gurations

Ward'smethod ESS.C1 [ C2/ � ESS.C1/ � ESS.C2/ Equal-VarianceIsotropicGaussians

Figure2: Agglomerative methodsandtheprobabilisticmodelsthey greedilyoptimize.

which is anegativemultiple of

ESS.C3/ � ESS.C1/ � ESS.C2/

Since the latter is exactly the quantity which Ward's
methodusesto selectamerge,wearedone.

3.2.Single-Link Clustering

In single-link clustering,the distancebetweenclustersis
de�ned to bethedistancebetweentheir closestpoints:

dSL .C1; C2/ D min
. x1;x2/2C1� C2

d.x1; x2/

Theprobabilisticmodelcorrespondingto thisclusteringal-
gorithmis a mixtureof branching randomwalks(BRWs).
A BRW is a stochasticprocesswhich generatesa treeof
datapointsxi asfollows: The processstartswith a single
root x0 placedaccordingto somedistribution p0. x/ . Each
nodein thefrontier of thetreeproduceszeroor morechil-
drenxi .3 Thepositionof a child is generatedaccordingto
a multivariateisotropicnormalwith variance� I centered
at thelocationof theparent.

Theorem2 If theprobabilitymodelin equation1 is a mix-
tureof branchingrandomwalks,then1 J � dSL .

Proof: Theparameters2 for a mixtureof BRWs arethe
treestructuresor skeletonsfor eachcomponentwalk.4 For
anon-rootsamplei in awalk with skeletonT, wegenerate
xi , conditionedon the location of the parentmT . i / of i ,
accordingto:

p.xi jT; � / D ps. xi jxmT . i / /

D
1

�
p

2�
e� . xi � xmT .i / /2=2� 2

Givenl1; : : : ; ln, we wish to �nd 2 to maximize
�

. Since
our labelsare �x ed, all we canvary is the treeskeletons
over eachcluster. Notice that log

�

is a constantplus a
3Thebranchingfactorhasanassociateddistribution, but it is

not relevantfor ouranalysis.
4For simplicity, we assumethat the locationof the root of a

walk is generateduniformly at randomover theactual locations
of datapoints.

negativemultiple of thesumof squareddistancesbetween
eachchild in thedatasetandits parent.Therefore,choosing
the treeswhich minimize this sumwill maximize

�

. But
thosetreesare just minimal spanningtrees(MSTs) over
thegraphsin whicheachpairof pointsx andy in a cluster
is connectedby anarcof weight.x � y/2. Therefore,

log J. P/ D � �
X

Ci 2 P

MST.Ci /

whereMST.Ci / is the costof the MST over the squared
distances.

Subtreesof MSTsareMSTsaswell, soin if P mergesto P0

by joining clustersC1 andC2 into C3, wecan�nd anMST
of C3 by joining theMSTsof C1 andC2 with asingleadded
arc. This arc will necessarilybe an arc betweena closest
pair of points in C1 � C2. The changein log J, which is
log1 J, will thenbe the negative squaredlengthbetween
thatpair. But a pairwith minimumsquaredlengthalsohas
minimum non-squaredlength,which is the criterion used
by single-linkclusteringto selecta merge.

3.3.Complete-Link Clustering

In complete-linkclustering,the distancebetweenclusters
is de�ned to bethedistancebetweentheir farthestpoints:

dCL .C1; C2/ D max
. x1;x2/2C1� C2

d.x1; x2/

It is commonly observed that complete-link clustering
tendsto form sphericalclusters. We show herethat this
behavior is dueto its associatedprobabilisticmodel,where
pointsareuniformly generatedon hyperspheresof equal-
radiusr . Fraley andRaftery(2000)suggestthatcomplete-
link is similar to, but not exactly, equivalentto a uniform
hyperspheremodel. We show that, while this is strictly
true,complete-linkclustering(greedily)maximizesa tight
lowerboundon thatlikelihood.

Theorem3 If the probability model is a mixture of
uniform-densityequal-radius hyperspheres, then 1 J is
boundedbya function f such that1 J > f � dCL .

Proof: Let B.z; r / bethehypersphereof radiusr centered
at z. Theprobability p.xi j� l i / hereis givenby:

p.xi jzl i ; r / D
�

1=volume. B.zl i ; r // for x 2 B.z; r /
0 otherwise



Let 2 D z1; : : : ; zkI r . Givenl1; : : : ; ln, we wish to �nd
z1; : : : ; zkI r to maximize

�

. For eachclusterCk, thereis
someminimal enclosinghypersphereB.z�

i ; r �
i / . Themax-

imumof
�

will occurwhen2 haszi D z�
i andr D maxr � .

Therefore,

J.l1; : : : ; lnI X/ D
nY

iD1

�
r d D � n 1

r dn

for a positive � which dependsonly the dimensionalityd
of thedata.

Therefore,the bestmerge at eachstagewill be the one
whichminimizesthenew r . De�ne thewidthof a setto be
thegreatestdistancebetweenany two pointsin thatset.At
eachstage,complete-linkclusteringchoosesthemergethat
minimizesthe maximumclusterwidth w. In onedimen-
sion, the radiusr of theminimal enclosing1-hypersphere
(interval) of that set is equalto half its width. Therefore,
for datathat lies in onedimension,complete-linkcluster-
ing exactlyminimizesr at eachstageby minimizingw. In
higherdimensions,the relationr D w=2 no longerholds
strictly. However, w=2 � r � � w=2 for somedimension-
dependentconstant� , 1 � � �

p
2. Therefore,by min-

imizing w, complete-linkclusteringalsominimizesa (rel-
atively tight) upperboundon r at eachstagein the algo-
rithm.5

3.4.Group-AverageClustering

In typical group-averageclustering,the distancebetween
clustersis de�ned to be the the averagedistancebetween
thepointsin thedifferentclusters:

d.C1; C2/ D mean. x1;x2/2C1� C2d.x1; x2/

We analyzetheslightly differentformulationin which the
averagesquared distanceis used. The generative process
for group-averageis slightly different than for the other
methods.Here,we placeall membersof a clusterat once.
Theirjoint locationsarechosenuniformly from all con�gu-
rations,subjectto a maximumcon�gurationvariance.For-
mally, 2 is a (maximum)varianceparameterv. Eachclus-
ter C is generatedby choosinglocationsx 2 C suchthat
var .C/ � v. Clearly, then, the classi�cation likelihood
dependsonly on the maximum varianceof the highest-
variancecluster, with a lower maximumvariancegiving a
higherclassi�cationlikelihood.

Note that clusteringswith small clustervarianceare not
thesameasoneswith smallerror-sum-of-squares(aswith
Ward's method). For example,to minimize ESS,a very

5In higherdimensions,w=2 � r sin.� =2// where� is thean-
glebetweentwo verticesof aregularhyperpyramidandits center.
Thisangleis � in onedimension,andalwayslessthan� =2,hence
therangeon thebound.

distantoutlier will beassignedto theclusterwith theclos-
estmean.However, to minimizeclustervariance,it will be
assignedto thedensestcluster, whereit will have theleast
impacton themaximumvariance.

Theorem4 If theprobabilitymodelgenerating thedatais
thestochasticprocessdescribedabove, thengroup-average
maximizesa lowerboundon J.

Proof: For clustersC and D, let SCD be the sum
of squareddistancesbetweenpairs in C � D: SCD DP

c2C;d2 D.c � d/2. Therelationbetweenclustervariance
andaveragedistancesis givenby thefollowing identity:

1
jCj

X

c2C

.c � �/ 2 D
1

2jCj2
X

c12C

X

c22C

.c1 � c2/2 D
1

2jCj2
SCC

Essentially, the average internal-pair squareddistance
equalstheaveragevariancein a Euclideanspace.Further-
more,thedistancebetweenthecentroidsof two clustersC
andD is givenby:

dcentroid.C; D/ D
1

jCjj Dj
SCD �

1
2jCj2

SCC �
1

2j Dj2
SDD

We do not prove theseidentitieshere; they follow by in-
ductionfrom the law of cosines.The consequenceof the
latter is that, since the centroidshave non-negative dis-
tancefrom eachother, it mustbethat SCC � 2jCj

j Dj SCD and

SDD � 2j Dj
jCj SCD, whichwe will needlater.

As argued above, the classi�cation likelihood for this
variance-limitedprobabilisticmodel is monotonicallyde-
creasingin themaximumclustervariance.By thevariance-
distanceidentity, thelikelihoodis thusalsomonotonically
decreasingin theaverageof within-clusterdistancesfor the
highest-varianceclusterE.

J �
1

j Ej2
SEE

Now, if we chosethemerge E D C [ D basedon theav-
eragesquareddistancesof all pairsinsidetheresultcluster
E, which is sometimesdone,we would be greedilymin-
imizing exactly the maximumclustervariance.However,
in group-average,wemoretypically averageonly thepairs
betweenthe merging clustersC and D. Nonetheless,we
know that

J �
1

j Ej2
SEE D

1
jC C Dj2

. SCD C SCC C SDD/

<
1

jC C Dj2
. SCD C

2jCj
j Dj

SCD C
2j Dj
jCj

SCD/

D
2

jCjj Dj
jCj2 C jCjj Dj=2 C j Dj2

jC C Dj2
SCD

<
2

jCjj Dj
SCD



But the last quantityis twice the quantitythat this group-
averagevariantactuallydoesminimize. Therefore,it also
minimizesaboundon J.

It is worth stressingthatthis boundis looserthantheother
boundspresented,andto ourknowledgeit is anopenprob-
lem to supplya modelfor thenon-squaredformulationof
group-average.

3.5.Practical Consequences

Thereareseveralpracticalconsequencesof theresultspre-
sentedin sections3.1 through3.4. First, it justi�es the
useof theclassicalagglomerativemethodsaswell-founded
probabilisticmethodsratherthanjustconvenientheuristics.

Second,it explainsthequalitativeempiricalbehavior of the
differentclassicalmethodson thebasisof their associated
probabilisticmodels.

Furthermore, in model-basedagglomerative clustering,
thereare approachesto determiningthe numberof clus-
tersand the choiceof clusteringmethodbasedon model
selection.Theseapproachescannow beusedwith linkage-
basedagglomerative methods. The secondtwo conse-
quencesarediscussedin furtherdetail in this section.

Finally, this formulationsuggeststhe designof novel ag-
glomerativeclusteringalgorithmsbasedontheclassicalag-
glomerativemethods.This lastconsequenceis exploredin
section4.

3.5.1. PREDICTING ALGORITHM BEHAVIOR

As linkage-basedmethodsare so commonly used, the
qualitative empiricalbehavior of thesealgorithmsis well-
known. Single-linkclusteringtendsto producelong strag-
gly clusters,complete-linkclusteringtendsto producetight
sphericalclusters(see�gure 1), andgroup-averagecluster-
ing tendsto produceclustersof intermediatetightnessbe-
tweensingle-linkandcomplete-link.

Suchbehavior is unsurprisinggiventhesemethods'associ-
atedprobabilisticmodels.Datageneratedby a mixtureof
branchingrandomwalksis likely to havestragglypatterns.
Datagenerateduniformly overhyperspheresis likely to be
spherical. And a distribution which generatescon�gura-
tionsof equalvariancewill besomewherein between,with
wide tailsonclustersbeingbalancedby densecenters.

We presenttwo exampleshere. Figure 3 shows data
which was generateduniformly on two equal-radiushy-
perspheres,but is sampledmuchmorelightly from oneof
the hyperspheres.Here,Ward's methoddoesnot identify
the correctclusters,becauseit assumesthat the datawas
generatedby two gaussians– it usesits explanatorypower
to explain the halvesof the denseregion. Complete-link
clustering,on theotherhand,is tolerantof suchsampling

Accuracy: 1 Accuracy: 0.542

COMPLETE-LINK WARD' S METHOD

(a) (b)

Figure3: Datasampledfrom two circles,uniformly overeachcir-
cle,but with very differentdensities.(a) Complete-linkidenti�es
thecorrectclusters.(b) Ward'smethodconsidersthepointsin the
lightly sampledregion outliersandtries to explain the densere-
gion. In general,uniform distancemodels(complete-link,group
average)will usetheir clustersto explain spatialextents,while
gaussianalgorithms(Ward's, k-means)will usetheir clustersto
explaindenseregions.Accuracy valuesin all �gures aregivenby
theRandIndex (Rand,1971).

becausethelikelihoodof thedatais dependentonly on the
radiusof theminimal spanninghypersphere.For thesame
reason,Ward'smethodis moretolerantof trueoutliers.

In �gure 5, thedatawasgeneratedby two direction-biased
randomwalks.Single-linkclustering�nds thecorrectclus-
ters,while the clustersfound by complete-linkclustering
andWard'smethodre�ect theimplicit sphericalprobabilis-
tic modelsfor thesemethods.

3.5.2. WHICH METHOD? HOW MANY CLUSTERS?

Often, one will have a generalidea as to a probabilis-
tic modelthat would plausiblyhave generatedone's data.
For example, in face recognition, facesare often mod-
eledasdeviationsfrom a genericface,wherefacepatterns
have a multivariategaussiandistribution (McKennaet al.,
1998). The probabilisticinterpretationof theseagglomer-
ative methodssuggeststhatone's choiceof agglomerative
clusteringalgorithmshouldbemotivatedby theprobabilis-
tic modelthatis believedto havegeneratedthedata.

More rigorously, in model-basedagglomerativeclustering,
determiningtheclusteringmethodandthenumberof clus-
ters is accomplishedin a principledmannerby usingap-
proximateBayes'factorsto comparemodels.Theformula-
tion of thelinkage-basedmethodsasmodel-basedmethods
allows suchan approachto modelselectionto be usedin
thecontext of linkage-basedmethods.An in-depthdiscus-
sionof Bayesianmodelselectionin clusteringis outsideof
the scopeof this paper, andwe refer the interestedreader
to (Fraley & Raftery, 1998).

4. Extending ClassicalAgglomerativeMethods

Theprobabilisticinterpretationof theclassicalagglomera-
tive clusteringalgorithmssuggestsextensionsto theseal-
gorithmsbasedon variantsof theassociatedmixturemod-



Method d.C1; C2/ Probabilistic Mixtur eModel

Line-link TPSE.C1 [ C2/ � TPSE.C1/ � TPSE.C2/ LinearRandomWalks

AdjustedComplete-link span.C1 [ C2/ � maxfspan.C1/; span.C1/g Uniform Variable-RadiusHyperspheres

Mahalanobis-link ESSM.C1 [ C2/ � ESSM.C1/ � ESSM.C2/ Equal-VarianceNon-IsotropicGaussians

Figure4: New agglomerative methodsandtheprobabilisticmodelsthey greedilyoptimize.

Accuracy: 1 Accuracy: 0.5 Accuracy: 0.525 Accuracy: 0.544

SINGLE-LINK COMPLETE-LINK GROUP-AVERAGE WARD' S METHOD

(a) (b) (c) (d)

Figure5: Directionalrandomwalksareeasilyfoundby single-linkclustering,but theothermethods'implicit modelscausethemto �nd
moresphericalclusters.

ActualWalks MaximumLikelihoodWalks
(a) (b)

Figure9: Evenfor syntheticdata,maximumlikelihoodwalks(b)
canbeverydifferentfrom thewalksthatgeneratedthedata(a).

els.Morespeci�cally, wemaywantto alterthemergecosts
to re�ect the typesof patternswe wish to �nd in thedata.
Wepresentthreesuchextensionshere,discusstheirassoci-
atedprobabilisticmodels,andcomparetheirempiricalper-
formanceto the agglomerative methodsdiscussedin sec-
tion 3.

4.1.Line-Link

Single-linkclusteringhashistoricallyachievedpoorclassi-
�cation performance.Therearetwo primaryreasons.First,
in applicationswhere clusteringis useful, data is rarely
generatedby branchingrandomwalks.Second,evenwhen
data is truly generatedby branchingrandomwalks, the
maximum-likelihoodrandomwalks areunlikely to be the
oneswhich actuallygeneratedthe data(see�gure 9). In
general,branchingrandomwalksthatarecloseor overlap-
pingaredif�cult to separatein anunsupervisedmanner.

Although,single-link clusteringremainsaccuratein cases
wherethedatais generatedby a well-separatedmixtureof
Markov processes,it would be be useful to have hierar-
chical methodswhich arecapableof correctly identifying
non-sphericaltrends.

Here,we presentline-link agglomerativeclustering,where
themodelis that datapointsaregeneratedalongline, but
with gaussianperpendiculardisplacement.Onecanthink
of this asdatageneratedby someprocesstravelingalonga
line, andemittingpointsalongtheway. This is a plausible
modelfor earthquakeepicenterson thesameseismicfault,
or GPSdatafrom carstravelingon thesameroad.

Sinceweknow themodel,wecouldeasilyuseahardparti-
tional clusteringaccordingto themodelusinga classi�ca-
tion EM procedureasin MurtaghandRaftery(1984). We
would iteratively assignpointsto theclosestline andmove
eachline to best�t thepointsassignedto it.

However, if we want a hierarchicalclustering,for exam-
ple if we want to be able to sub-divide major fault fami-
lies into smallerminor faults,or split roadsinto lanes,it
wouldbeusefulto haveanagglomerativealgorithmfor this
model. Our likelihoodaccordingto this model, for �x ed
line parameters,will be monotonicin the sumof squared
distancesfrom eachpoint to its assignedline. Thus, for
eachcluster, we will track the total perpendicularsquared
error(TPSE)from thatcluster'sbest-�t line.6 For eachpair
of clusters,we track thecostof merging them,which will
be the differencebetweenthe besttotal squarederror for
thejoint clusterandthesumof thebesttotalsquarederrors
of thetwo componentclusters.Notethatthereis noneces-
saryrelationbetweenthe threeclusters'best-�t lines' pa-
rameters.It shouldbeclearthat,by design,this algorithm
greedilymaximizesthedesiredlikelihood.Thisalgorithm,
like all agglomerativemethods,canbemadeto run in time
O.n2. f .n/ C logn// wheren is the numberof points to

6Wecalculatethisusinga conjugate-gradientmethod,but any
numericaloptimizationwill do.
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LINE-LINK SINGLE-LINK COMPLETE-LINK GROUP-AVERAGE WARD' S METHOD

(a) (b) (c) (d) (e)

Figure6: Crossinglines areonly recoveredby L INE-L INK (a). SINGLE-L INK makesa hugeclusterwith outliers(b), while theother
methodsslicethedatainto spatiallybalancedregions.
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LINE-LINK SINGLE-LINK COMPLETE-LINK GROUP-AVERAGE WARD' S METHOD

(a) (b) (c) (d) (e)

Figure7: Crabsdata:onthisdif�cult set,only L INE-L INK (a) is ableto detectthecorrectoverall trend,in whichtheprinciplecomponent
of thedatais notexplanatory.
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Figure8: Whenthedatais generatedby non-isotropicgaussians,Mahalanobis-linkcandetecttheclustersmorereliably, essentiallyby
linearly transformingthedatainto a spacewheretheclustersbecomespherical.

clusterand f .n/ is the cost of calculatingthe merge be-
tweentwo clusters.

In �gure 6, weshow thatline-link worksfarbetterthanthe
otheragglomerativeclusteringalgorithmsin thecasewhere
thedataareactuallygeneratedby walksalonglines. In �g-
ure7, we show theperformanceof line-link clusteringon
crabsdatafrom (Campbell& Mahon,1974). In thecrabs
dataset,theinstancesrepresentdifferentcrabs,thefeatures
representstructuraldimensions,andtheclassescorrespond
to different speciesof crabs. In this dataset, crabs' ab-
soluteproportionsvary roughly linearly with their general
size,andso the datafor a givenspeciescanbe viewed as
beinggeneratedby a linear randomwalk alonga size/age
axiswhichemitscrabsof slightly differentrelativepropor-
tionsalongtheway.

It shouldbestressedthat thecrabssetis quitedif�cult for
mostclusteringalgorithms.The principal directionof the
datais, roughly, crabsize,andis verydecorrelatedfrom the
desireddistinction,which is crabspecies.Sphericalalgo-
rithms generallyidentify big crabsvs. little crabs,while

single-link identi�es a single outlier vs. all other crabs.
Ripley (1996)andothersgenerallydiscardthe �rst com-
ponent,andthenareableto clusterthedatareadily. How-
ever, an appropriatemodelmeansthat we do not have to
preprocessthedatato make it �t ouralgorithm.

4.2.Adjusted Complete-Link

In complete-linkclustering,the assumptionthat the data
is generatedby hyperspheresof equalradiusmaybeinap-
propriatefor the data. If we expect that the datawill be
spherical,but on spheresof varying radii, we canmake a
smallchangeto thecomplete-linkdistancewhich givesus
exactly this model. In adjustedcomplete-linkclustering,
thedistancebetweentwo clustersis de�ned not by there-
sult width, but by the increasein width over the larger of
thetwo mergedclusters'widths.Formally,

dACL .C1; C2/ D width.C1 [ C2/ � max
i 2f 1;2g

fwidth.Ci /g

This changeis easily implemented,and is equivalent to
choosingthemergethatmaximizesthe likelihoodthat the
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Figure 10: Complete-link(a) is unsuitedto clustersof widely
varying size; adjustedcomplete-link(b) is moreappropriatefor
this situation.

datawasgenerateduniformly on hyperspheresof arbitrary
radius.Theproof is similar to theproof of theorem2, and
we do not includeit here. In �gure 10, we show how ad-
justedcomplete-linkcomparesto complete-linkin boththe
casewherethedatais generateduniformly onhyperspheres
of equalradiusandthecasewherethedataisgenerateduni-
formly onhyperspheresof (possibly)unequalradii.

4.3.MahalanobisLink

In section3.1, we mentionedthat the modelassumedby
Ward's methodis a mixtureof multivariategaussianswith
the uniform sphericalcovariance� I . If we assumethat
the data is generatedby a mixture of multivariategaus-
sianswith a common,known covariancematrix 6 , we can
modify Ward's methodto minimizetheincreasein sumof
squaredMahalanobisdistancesateachmerge.Formally,

dM L .C1; C2/ D ESSM.C1 [ C2/ �
X

i 2f 1;2g

ESSM.Ci /

where

ESSM.Ci / D
X

x2Ci

. x � mi /T 6 .x � mi /

We show in �gure 8 how this method, which we call
Mahalanobis-linkclustering,comparesto Ward's method
in the casewherethe data is generatedby a mixture of
gaussianswith known covariance6 6D� I . Mahalanobis-
link candetecttheclustersmorereliably, essentiallyby lin-
early transformingthedatainto a spacewheretheclusters
becomespherical. In the casethat 6 is diagonal,this is
equivalentto featureweighting.

5. Conclusion

We havepresentedprobabilisticinterpretationsof theclas-
sical agglomerative clustering algorithms – single-link,

complete-link,group-average,andWard's method– based
on greedymaximum-likelihoodestimationfor �nite mix-
ture models. The framework of model-basedclustering
enablesus to betterunderstandtheclassicalmethods,and
suggestsa principled approachto developing variantsof
thesemethods. We have introducedthreenovel agglom-
erative methods– line-link, adjustedcomplete-link,and
Mahalanobis-link– and have arguedtheir utility. These
methodsareeasilyimplemented,andthemodel-basedper-
spective presentedallows easyevaluationof which meth-
odsaremostlikely to beeffectiveona givenproblem.
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